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A Note on Partial Rectangular Metric Spaces

Nguyen Van Dung and Vo Thi Le Hang

Abstract. In this paper, we present a rectangular metric from a par-
tial rectangular metric and state some relations between them. As appli-
cations, we show that fixed point theorems on partial rectangular metric
spaces may be deduced from fixed point theorems on rectangular metric
spaces.

1. Introduction

In [9], Matthews introduced the notion of a partial metric space as a part
of the study of denotational semantics of data flow networks. The main
difference comparing to the standard metric is that the self-distance of an
arbitrary point need not be equal to zero. Many fixed point results on partial
metric spaces were stated and generalized, see [8, 13, 14] and references
therein. In [2], Branciari introduced a generalized metric which was called
a rectangular metric in [12]. Recently, Shukla generalized the concept of
rectangular metric space and extended the concept of partial metric space
by introducing the partial rectangular metric space in [12]. In that paper, a
fixed point theorem for quasi type contraction was also proved in the partial
rectangular metric space which generalizes several known results in metric,
partial metric and rectangular metric spaces. Also, results were illustrated
by some examples.

For the relation between metric spaces and partial metric spaces, some
authors proved that several fixed point generalizations to partial metric
spaces can be obtained from the corresponding results in metric spaces,
see [3, 10, 11].

On rectangular metric spaces, many fixed point theorems were stated in
recent times, see [4, 5, 6] and references therein. Some minor facts on the
relation between rectangular metric spaces and metric spaces were pointed
out in [1].

In this paper, we investigate the relation between partial rectangular met-
ric spaces and rectangular metric spaces. We first present a rectangular
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metric from a partial rectangular metric and state some relations between
them. Then we show that fixed point theorems on partial rectangular met-
ric spaces may be deduced from certain fixed point theorems on rectangular
metric spaces.

2. Preliminaries

We recall some notions and results which will be used in the latter.

Definition 1 ([2], Definition 1.1). Let X be a non-empty set and d : X ×
X −→ R be a function. Then (X, d) is called a g.m.s if the following
conditions hold for all x, y ∈ X.

(1) d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y;
(2) d(x, y) = d(y, x);
(3) d(x, y) ≤ d(x,w) + d(w, z) + d(z, y) for all distinct points w, z ∈

X \ {x, y}.
For convenience, the pair (X, d) is called a rectangular metric space and

d is called a rectangular metric in the sense of [12].

Definition 2 ([2], Definition 1.2). Let (X, d) be a rectangular metric space.
(1) A sequence {xn} is called to converge to a point x ∈ X if lim

n→∞
d(xn, x) =

0, written lim
n→∞

xn = x.
(2) A sequence {xn} is called Cauchy if lim

n,m→∞
d(xn, xm) = 0.

(3) (X, d) is called complete if each Cauchy sequence {xn} is convergent.

Definition 3 ([12], Definition 3). Let X be a non-empty set and p : X ×
X −→ R be a function. Then p is called a partial rectangular metric on X
if the following conditions hold for all x, y ∈ X.

(1) p(x, y) ≥ 0;
(2) x = y if and only if p(x, y) = p(x, x) = p(y, y);
(3) p(x, x) ≤ p(x, y);
(4) p(x, y) = p(y, x);
(5) p(x, y) ≤ p(x,w)+p(w, z)+p(z, y)−p(w,w)−p(z, z) for all distinct

points w, z ∈ X \ {x, y}.
The pair (X, p) is called a partial rectangular metric space.

Definition 4 ([12], Definition 4). Let (X, p) be a partial rectangular metric
space.

(1) A sequence {xn} is called to converge to a point x ∈ X, written
lim
n→∞

xn = x, if lim
n→∞

p(xn, x) = p(x, x).
(2) A sequence {xn} is called Cauchy if lim

n,m→∞
p(xn, xm) exists and is

finite.
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(3) (X, p) is called complete if for each Cauchy sequence {xn}, there
exists x ∈ X such that

lim
n,m→∞

p(xn, xm) = lim
n→∞

p(xn, x) = p(x, x).

Note that every rectangular metric is a partial rectangular metric. Some
interesting examples of partial rectangular metrics are as follows.

Example 1 ([12], Example 1). Let X = [0, a] and b ≥ a ≥ 3 and

ρ(x, y) =


x, if x = y
3b+x+y

2 , if x, y ∈ {1, 2}, x 6= y
b+x+y

2 , otherwise.

Then ρ is a partial rectangular metric which is not a rectangular metric.

Example 2 ([12], Proposition 3). For any rectangular metric space (X, d)
and constant α > 0, put ρ(x, y) = d(x, y) + α for all x, y ∈ X. Then ρ is a
partial rectangular metric which is not a rectangular metric.

Definition 5. (1) [7] Let (X, d) be a rectangular metric space and T :
X −→ X be a map. Then T is called a quasi-contraction if there
exists q ∈ [0, 1) such that

d(Tx, Ty) ≤ qmax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
for all x, y ∈ X.

(2) [12, Definition 5] Let (X, p) be a partial rectangular metric space
and T : X −→ X be a map. Then T is called a quasi-contraction if
there exists q ∈ [0, 1) such that

p(Tx, Ty) ≤ qmax{p(x, y), p(x, Tx), p(y, Ty), p(x, Ty), p(y, Tx)}
for all x, y ∈ X.

One of nice fixed point theorems in rectangular metric spaces is as follows.

Theorem 1 ([4], Theorem 2.2). Let (X, d) be a T -orbitally complete rect-
angular metric space and T : X −→ X a quasi-contraction on X. Then

(1) T has a unique fixed point u ∈ X.
(2) lim

n→∞
Tnx = u, for every x ∈ X.

(3) d(Tnx, u) ≤ qn

1−q max{d(x, Tx), d(x, T 2x)}, for all n ∈ N.

A relation between a partial rectangular metric space and some rectan-
gular metric spaces was stated in [12] is as follows.

Theorem 2. Let (X, p) be a partial rectangular metric space and

pr(x, y) = 2p(x, y)− p(x, x)− p(y, y)
for all x, y ∈ X. Then we have

(1) [12, Proposition 1] pr is a rectangular metric on X.
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(2) [12, Lemma 1] lim
n→∞

xn = x in (X, p) if and only if lim
n→∞

xn = x in
(X, pr).

(3) [12, Lemma 2] A sequence {xn} is Cauchy in (X, p) if and only if it
is Cauchy in (X, pr).

3. Main results

First, we give some new notions in partial rectangular metric spaces.

Definition 6. Let (X, p) be a partial rectangular metric space.
(1) A sequence {xn} ⊂ X is called 0-Cauchy if lim

n,m→∞
p(xn, xm) = 0.

(2) (X, p) is called 0-complete if for each 0-Cauchy sequence {xn} in X,
there exists some x ∈ X such that

lim
n→∞

p(xn, x) = p(x, x) = lim
n,m→∞

p(xm, xn) = 0.

Lemma 1. Let (X, p) be a partial rectangular metric space.
(1) If (X, p) is complete, then it is 0-complete.
(2) If xn 6= x, yn 6= y, xn 6= yn for all n ∈ N and

lim
n→∞

xn = x, lim
n→∞

yn = y, p(x, x) = p(y, y) = 0

then lim
n→∞

p(xn, yn) = p(x, y).

Proof. (1). It is straightforward from the definition.
(2). For each n ∈ N, we have

p(x, y)− p(xn, yn)
≤ p(x, xn) + p(xn, yn) + p(yn, y)− p(xn, xn)− p(yn, yn)− p(xn, yn)
≤ p(x, xn) + p(y, yn),

(1)

p(xn, yn)− p(x, y)
≤ p(xn, x) + p(x, y) + p(y, yn)− p(x, x)− p(y, y)− p(x, y)
≤ p(xn, x) + p(y, yn).

(2)

From (1) and (2) we have

(3) | p(x, y)− p(xn, yn) |≤ p(xn, x) + p(y, yn).

Taking the limits as n→∞ in (3), we get lim
n→∞

p(xn, yn) = p(x, y). �

The following example shows that the converse of Lemma 1.(1) need not
hold.

Example 3. Let X = (0, 1) and p(x, y) = |x− y|+2 for all x, y ∈ X. Then
we have

(1) p is a partial rectangular metric.
(2) (X, p) is 0-complete.
(3) (X, p) is not complete.
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Proof. (1). It is easy to check that p satisfies conditions (1) to (4) in Def-
inition 3. Now, we will show that p(x, y) ≤ p(x,w) + p(w, z) + p(z, y) −
p(w,w)− p(z, z) for all distinct points w, z ∈ X \ {x, y}.

Indeed, for all distinct points w, z ∈ X \ {x, y}, we have

p(x, y) = |x− y|+ 2

≤ |x− w|+ |w − z|+ |z − y|+ 2

= |x− w|+ 2 + |w − z|+ 2 + |z − y|+ 2− 2− 2

= p(x,w) + p(w, z) + p(z, y)− p(w,w)− p(z, z)

Hence, p is a partial rectangular metric on X.
(2). Since p(x, y) ≥ 2 for all x, y ∈ X, (X, p) has no any 0-Cauchy

sequence. This proves that (X, p) is 0-complete.
(3). We have that

lim
n,m→∞

(
1

2n
,
1

2m

)
= lim

n,m→∞

(∣∣ 1
2n
− 1

2m

∣∣+ 2

)
= 2.

Then { 1
2n} is a Cauchy sequence in (X, p). Suppose to the contrary that

lim
n→∞

1
2n = x in (X, p). We have that

lim
n→∞

p

(
1

2n
, x

)
= lim

n→∞

(∣∣ 1
2n
− x
∣∣+ 2

)
= p(x, x) = 2.

It implies that x = 0 ∈ X = (0, 1). It is a contradiction. Then { 1
2n} is not

convergent in (X, p). Therefore, (X, p) is not complete. �

The main results of the paper are as follows.

Theorem 3. Let (X, p) be a partial rectangular space and

dp(x, y) =

{
0. if x = y

p(x, y), if x 6= y.

Then we have

(1) dp is a rectangular metric on X.
(2) The partial rectangular metric space (X, p) is 0-complete if and only

if the rectangular metric space (X, dp) is complete.

Proof. (1). It is easy to see that dp is a rectangular metric on X.
(2). Suppose that the partial rectangular metric space (X, p) is 0-complete.

For each Cauchy sequence {xn} in the rectangular metric space (X, dp), we
may assume that xn 6= xm for all n 6= m ∈ N. Then we have

lim
n,m→∞

p(xn, xm) = lim
n,m→∞

dp(xn, xm) = 0.



6 A Note on Partial Rectangular Metric Spaces

This proves that {xn} is a 0-Cauchy sequence in the 0-complete partial
rectangular metric space (X, p). Then there exists x ∈ X such that

lim
n→∞

p(xn, x) = p(x, x) = lim
n,m→∞

p(xn, xm) = 0.

It implies that
lim
n→∞

dp(xn, x) = lim
n→∞

p(xn, x) = 0.

This proves that lim
n→∞

xn = x in the rectangular metric space (X, dp). Then
the rectangular metric space (X, dp) is complete.

Conversely, suppose that the rectangular metric space (X, dp) is com-
plete. For each 0-Cauchy sequence {xn} in the partial rectangular metric
space (X, p), we may assume that xn 6= xm for all n 6= m ∈ N. We have
lim

n,m→∞
p(xn, xm) = 0. It implies that

lim
n,m→∞

dp(xn, xm) = lim
n,m→∞

p(xn, xm) = 0.

Thus, {xn} is a Cauchy sequence in the complete rectangular metric space
(X, dp). Then there exists x ∈ X such that lim

n→∞
dp(xn, x) = 0. It implies

that lim
n→∞

p(xn, x) = 0. Also, we have

0 ≤ p(x, x) ≤ lim
n→∞

p(x, xn) = 0.

Therefore,

lim
n→∞

p(xn, x) = p(x, x) = lim
n,m→∞

p(xn, xm) = 0.

Then the partial rectangular metric space (X, p) is 0-complete. �

Theorem 4. Let (X, p) be a partial rectangular metric space and T : X −→
X be a quasi-contraction map on the partial rectangular metric space (X, p).
Then T is a quasi-contraction map on the rectangular metric space (X, dp).

Proof. Since T is a quasi-contraction map on (X, p), there exists q ∈ [0, 1)
such that

p(Tx, Ty) ≤ qmax{p(x, y), p(x, Tx), p(y, Ty), p(x, Ty), p(y, Tx)}

for all x, y ∈ X. If Tx = Ty, then dp(Tx, Ty) = 0. It implies that

dp(Tx, Ty) ≤ qmax{dp(x, y), dp(x, Tx), dp(y, Ty), dp(x, Ty), dp(y, Tx)}.

If Tx 6= Ty, then x 6= y. It implies that p(x, y) = dp(x, y). Moreover, if
x = Tx, then p(x, Tx) ≤ p(x, y) = dp(x, y), otherwise, p(x, Tx) = dp(x, Tx).
Also, if y = Tx, then

p(y, Tx) ≤ p(y, x) = dp(x, y).
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Otherwise, p(y, Tx) = dp(y, Tx). Therefore,

dp(Tx, Ty) = p(Tx, Ty)

≤ qmax{p(x, y), p(x, Tx), p(y, Ty), p(x, Ty), p(y, Tx)}
= qmax{dp(x, y), p(x, Tx), p(y, Ty), p(x, Ty), p(y, Tx)}
≤ qmax{dp(x, y), dp(x, Tx), dp(y, Ty), dp(x, Ty), dp(y, Tx)}.

By the above, T is a quasi-contraction map on the rectangular metric
space (X, dp). �

From Theorem 4, we show that the result in [12] is a consequence of
Theorem 1.

Corollary 1 ([12], Theorem 6). Let (X, p) complete partial rectangular met-
ric space and T : X −→ X be a quasi-contraction on X. Then T has a
unique fixed point u ∈ X and p(u, u) = 0.

Proof. Let dp be defined as in Theorem 3. It follows from Theorem 3 and
Theorem 4 that (X, dp) is a complete rectangular metric space and T : X −→
X is a quasi-contraction on (X, dp). By Theorem 1, T has a unique fixed
point u ∈ X. The fact p(u, u) = 0 is easy to get from the assumption. �

Remark 1. By using argument in the proof of Corollary 1, we may trans-
form many fixed point theorems on rectangular metric spaces in the litera-
ture, such as [4, 5, 6] and references therein, to partial rectangular metric
spaces.
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